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Triple Intearals w] culindn '

Suppose Eia ]Bpe i region whose Prqech’on D onfo the xi“ﬂane 5 degeribed

m polar coordinates .

Spee § s continuous and
E- {(X.lj»i) | %€ D, 0(xy) <z ¢ U,('X.g\} and D is gven in polar coordinates lzuj

D={lr,0) |acOep, hlorer<h,(6)]

/

We Know that,
] Sf(x,ﬂ.z)dv
E

I ulew}(x‘a»z)dzj A

0 U (x,y)

Now nolice that the double m*ejral s
in polor coordinates

ﬂwemfore we oblain the formula for triple infegration in cglnndrlwl wordinates .
g h.(6) u;(x,g)

JH f(x.ﬂ,z)AV = [j [ {(rcos8, 5B, 2) rdzdrdb

E
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Ex  Evaluale ” [ x¢y+Z d\  where [ is the solid in the fust oclant that les under the
E paraboloid  Z - 4-7(2-32.

Cglmdn'ca\ wordinotes  z =4-r?

* The Paroboloia\ 2= 4—(x’+52) infersects the "ﬂ'P‘““e in the circle x2+32=4 =r=1.

~

So , E=f(r.0,z)‘0$9511L ,04red 05244—r2}

Then,

2

rJ.
(

—

I[("HHH)(JV =

2 T 2
- j r*(cosO+sn0) 2 + lrz ] j [ [‘\1244]((056*5"‘6) +2lr (4-r2)l drd9
0 0 0

rcos® +ran + 2) rdzdrdd

[an)

ol__—,\g
O e
oc——.s

0 =
. "2'1[3__\_r5J(cose+sm0) -_‘_(4-r2)] a9

I3 5 12

o - r=0

o K
= | [64 (c0sO+sn0) + 16 ] do . [Qﬂ (sn0-cosO) *

a 15 15 6
- _65.(1 0)+16.m _¢4(0-1)-0

3 2 15

= 8m, )a8

3 15
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Nolume element in (jhndrical cootdinates
% in redonﬂu\ar coordinates ,we Know that volume element dV = dx dj dz .

The question is whot is the (mfmniesuma\) volume element in Ejlmdn’cal cootdinales
Rg

rzb

+ Sodwide [a,b] info m subinfervals
[ri-,,n] of equa‘ width Ar= (b-a)/m

« Divide [4,B] info n equa\ subintervals [GJ_., BJ] of
equal width A0 = E-ﬁ*_ _

» Now consider the Polar mdanﬂle R‘J' ,
and consider the cenler of the redangle gen ‘ﬁ r = J'-_(rl_,+rl) , GJ* . 2l_(GJ_I +GJ)

What 15 the area of ch ?
Now we want fo fmo\ the area

of the shaded seclor , which we
obtain bﬂ suHrac’tinj areq oj two seclors .

So A(RLJ) - _i_rfAG - JL rl 06 . Jn_(mr;..)(n-r...) A8 =1)OrD0
— —~ T
0 Ar T%\is is the extro r the shows
up in the double m{eﬂral w/

Now what about the volume- element 7 polar coordinates.

¢
!ﬁ 2z Then we see that
éﬁ AV =r! A AB A2

S,
dV = rdrdO dz
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15.9 Trig\e lnlegra\ n SELhericoﬂ coordinales

. Spheri cal coordinales

A pont P in 3-dm’] space is represented lfﬂ an ordered triple (8,8,8) , where

§ = distance from the oriain o P (8- |oPl)

 Pis.04) 0 = some anjle as in cjlmdncd coordinales . (“polar 0"3“ ')

§
¢ ¢ = the anﬂle between the z-axis and the line seﬂment oF

/ — (azimuth anale)
Nete §20, 0¢p<n

* Spherical coordinales are useful when there is a sammdﬂ about the on'ﬂin.

Relahons\\ip bedween redanﬂular and spherical coordinales

/ Fom OOPQ, we see that coe¢=_:'$_ 5 2 = Seosg

P (x.y,2)
27 P(8:0,4) :
oot fom AOPP snp -r > r = Psin

id
¢

— Now on the other hand, we Know

x = res0, Y- rsin® .

P'(x,lj.O)

l’uﬂinj evhh ’rcﬂe’rher we jet + % =fang c0s 0 * From the distance formula , we get
Y- Jsind sin@ T
. l:.PCOS¢ \?=X+3*Z

Lecture 4 - Cylind and Spher Integrals Page 4



4

Tuesday, May 10, 2016 12:22 PM

* COS¢ =Z = COS¢ =-E
2

co

¢ X =S’sm¢c050 > ws0 =

At this Pomt O=3n o %u .
1

a) §$-¢

> (x4l = ¢

2
Rl 2-¢

A sphere oj radius ¢

Soln = ‘JX2431422=‘JI:1.*9 =2

=3n
s ¢ ;
x _ -1 _ -1
fsing a'ﬁ/l 2
S we need fo looK o

b) 8 =c
1

"\

0=c

+ Now matter how far we P from
the orij'm it's PmJech'on oo

the y plane must make angle
B wih the x-axis.
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Ex Find the s‘)herica\ coordinales for the Poln{ P whose rec’ranﬂular coordingle is (-1,1,-12).

4 which is >0, meaning 6 - 3,

4

Ex Describe the surjace whose equahons In spherica\ coordinates 15 gen bj

) ¢-=c, (0¢c<™)

* No motter how ]tar we move
from the oriﬂin , the Poin*'

must have anale c wr o

the z-axis.

« All Po‘m*s on the one are

at the some anﬂle from the
Z -0xis [oompare w/ cjlindricalj
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Triple |nie3ra|s w/ spherfca\ coordinates
In spherical coordmate sashzm , the ano\oj oj a recjrarﬂular box is @ spherical mdﬂg

E={(20,8)|ac8¢b, acO<B, c¢ded a0, p-a<an, d-c<m}

* So when o\ivno\inj the reﬂion (rather than usfnﬂ mdanﬂular boxes) we can uge
sP‘nerioa\ wcdﬂes.

* Divide £ mto smaller wedjes

E.]x b_‘_\ means aj equallj sPaceol
spheres £ - %, half planes
0=5J and half cones <}=¢K.

* Then By s awromma*elj a

redanﬂuhr box w/ dimension
AS, 804 and 8 sing AO
{

y
ar 059 orc of rodies
yadws ¢ ‘?i an ¢ a nd
and ansle K
Y anﬁle AS .

Then | AVLJK 5 S’fsin¢kA3A0 A¢
With a |iitle bi’roj worK , we can show that

A \th = §: sm;,:A?AGAqi }or some Pom+ n ng .

Then ,
L mn
J” flg, ) dV = lim ) )) ]‘(ﬁsma;(cosg] ,S’Jsm¢,‘cos'03 ,ﬁ,cos&)fllsm% ASABAS
: Lmn—>00 =1 JI Ke
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Formula for hriple in}ejraii on in SPhen'ca\ coordinates

I” f(x,ﬂ.z) dV -

E
where E is the syherica\ ueJﬁe guen I’ﬂ :

f($emgc0sB, Psingsin, cos ) £sing d$d0 d¢

LS
2 —»
e —— o~

E={(6.6,9) 10¢acf<b, a<0¢P, ccged |

¢ Like m the case of redanjular cordinales and cj\indn'aa| coordinates , the formula can be extended

fo more Seneral spherical regions such as
E-{(8.0,4)1a<0¢P,ccp<d,q(0,4)¢ P gl(e,;t)}
Ex Use spherical coordinates 1o fmd the volume (j‘ the solid that lies
within the sphere x’+3’4 22=4 | above the xﬂ—P\ane ,and below the cone

2 =Nyl

Soln In spherica\ coordinates , %+ 3’+22=4 is qven b_"] £=2
and the cone 2 =lx1+32 con be rewnHen as

Scosg = $sinp = cosp = sing > = "4
Thus the sohd in ques’fion i gen bj

{(8,6.4) | 0¢P<2, 0¢0<anm, %"5¢5'3'}

AsK studenls o answer .
Then,
I 2 Wa an 2
vtey=§Hsﬂs.n¢asaea¢ i [smw lde [r’ds’ “G.an8 . %,L
%o o g 0 0
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xleyte 22
Ex Evaluate HIX £z dV, whee E is the Porhonof the unit ball x+g+zl<1 that
E lies in the jrs\ ocfant .

,0¢4<3]

1
i
[ sing cos0 \f sm¢ d$do 675
0

Ty Wy i
[ [wsdtp |9 a8
J o 0

1]

W, ) 4 i N

§L¢ —_Lsm?ﬁ]% [sme] 2.(:;_3 J‘J _ J\Pe‘?df)
0 0 0
2t

- 1 [1] \s’e -| ]

| 4 3 00
LS [\_eJ_e— o-t_)]
4 3 a J

I
8
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5-10 C\r\anﬂe of variables n Multiple |nlejra\s

e In 1-dml calculus we oﬂen use a chanﬂe of vanables 1o snmp\{ﬁ nnhﬂra\s ( u-subshtuhon)
b

J]((g(u)) 3(u = Jf(x) dx , where x=3(u), a =3(c) and b=g(d) .
Another method o wnhnj the above ormu|a is

b

qf
d

[fm b [fde
C

¢ Want %o extend this fo double lmleﬂYO\S.

We have alreadj seen an examP|e of this - chanﬂlrl(j to Polar coordinales .

We introduce new variables rand & | which are related 1o ongma\ variobles x § [ via the egns :
x=rosQ and y=rmnb, and the chane of variables formula 15 :

U flx,y) dA =£f f(rcosO, rsin®) rdr dO

where § = region n v -plane that corresPonds to Rin the xﬂ—Plane.

e We want to consider a more genera\ chanﬂe of variable

(onsider a Jrromsfonrna’n'on T fvom the uv-P\ane fo the 'Xﬂ—Plane .
T(uv) =( Xj)

where X and y ore related fo u and v bﬂ the uahon
x=qu) , y=hluv). [Tyl (j(u v), hiu,v)]

or somehmes written as x = X(u,v), y = 5(u,v).
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Assume Tis q C hansjorma*ion . g and h have conhnuous fwskordar Pav‘n'a\
derivotives

« T is Jusi a veclor valued funch'on whose dormamn and range are subsets of R
Notation
o Tlu,w) =(x,,3.) then the Pom{ (% Y) 18 called the image of (u, Vi)

*Tis a 4-1 funchion, if (o) # (U V) mplies Tluyv) # Tlu, ) 1.
no fwo Pon'nlrs have the same Image

VA

+ T tangforms S (reﬁion n the uv-plane ) into region R in the {Lj-fﬂane called
the imaﬂe of S ,consmﬁng of the images qfa\l Po[nis nS.

if Tis a 1-1 fundion, then This a map from the "ﬂ'["“"e and uv—Plane
ond 1t may be Possib)e fo solve x =3(u,v) andﬂ =hluy) for uv i ferms

oj X andj :
u=§lxy) 5= H(x,ﬂ).

o xample let T be a fransjormation deﬁned bﬂ

x=u’,3=v.

Find the lmaje oj the ’rrianﬂu\ar reﬂl’on S with vertices (0,0) , (1,1) and (0,1).
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v Y
Sz Rl
(04 // ~ () 1
S ¥ y —T—% Rs ¥ Ry
3\// g|
W
(0,0) j_ u - ' X

5 [luyv) |0¢ued |

Then , y =u=v and x=u=y*,
Since, 0<u<l | the imaﬂe i5 the Porhon of the parabola =32, 0¢y<d,

6, : {(uv)|0cued v=1]

Then y=v =1 ond x=u*, s0 0¢x<i.
The mage i5 the line seﬂment H=i ,0sx¢ h

G5 - {(u,v) | u=0, Osvsj}

Then x-u=0 ond y=v 205351_
The Image is the seﬂmenf x=0, Oéﬂéi.

Thus the image of S s the reﬂion R in the fnrs* quondran{ bounded by the parabola x - 5’,
the ﬂ-a'xis and the line H=1.
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How does chanﬂe of variable ajfec}s a double mjfegral :

v

Tlug,v)
{
Av| § _T—>
Vo T b‘mﬂo)
(uovvo) Au - r
7(u,Vo)
o u

Sttt w/ o small redanﬁle in the uv-plane whose left corner pouml i5 (UoVo) and whose dimension
are Au and Av.

Then images of Sisa region R in the xﬂ-P\ane , one oj whose boundarj points 15
(Xo,ao) = T(Uo. Vo).

The vedor T(uw) = 3(u,v)’f + h(u,v)j i5 the Posiﬁon veclor of the imaﬂe oj the Point (uv).

The ‘fanﬂeni veclor at (xo ljo) o this lmaﬂe curve s
r, = gu(uo,vo) Lt h luo,vo)] _QZ_ L+ ,a% J

Snmn\arlj the hxnaen{ vedor ot (xo,ljo) fo +he |maﬁe curve on the Ieji side of 5 (u=Uo)
ﬂ\l(“o,\lo) \ + h (UO)VO)J - 3_ L+ _%J‘
v

Then we can aPproxima‘re the image. region R=T(S) by a Paralle\ogram bj the secant

ve C{'OTS
? [Uo ’VO +AV )

?’lu..v

T (uo*Au, Vo)

But as Bu,Av—0, 0 =T,(uoVo) and b =T, (ug,%)
and 50, O =AuTy
b x M,
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* We an oPPromma’fe R bﬂ a Paral\elogram _whose area is

l Au?,; XAV?; ) = |qur,,‘AuAV

ruxrv =
1S

A _E)_X_Qx_,\
ou ol %%& K - |ou gv K
2ol |& 8

Dee  The Jacobion of a Jrrans][ormah'on T guen bﬂ x=3tu,v) ond 3=h(u,v) is
9x Ox

Ay . |a Bv| - x u_ i Ay
dluw) g%a% BuSV3 av%

Then the approximate area DA of Ris :

AA

Alxy) |, Aulv.
alUpV)

Now divide reﬂlon S in the uv- Plane into redanﬂ\es g and RE] T(SJ)

“f(xg)df\ & ZTJZ‘_]((x‘, )_—'_Z_‘ (ﬂ(uvv (UJ,VJ)) M

a(U)V)

AuAv

Chanae oj variables in double m’fegrals

Spse Tis a C -transformation , whose Jacobian is non-zero , and that maps the region 5

in the uv-P\ane onlo R in the xa-p\ane .

Spee J[ is continuous on R and R and S are ]:ﬂP“ I or lﬁpe I regions.
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Spee Tis -1 ,except perhaps on the boundary of S.

%)
b(u,V)

T, [ lxg1a - “f(xlu.V) RE:

R ]

When you chanﬂe mieam\ in X and y Yo uand v bj wnﬁmﬂ x and Y in ferms of u and v

and wnhnﬂ dA - \ax, ) 3lxY) | dudv.
dlu,v

Ex 1 Polar coordinates

o /
BT T
S EE——
Tir, 8) = (x,9)

d--

, L % = roosd
a b |j=rsm6

ox 9
Then a(x.g |5 9| L |cos® -rsn® | yeo04ran®® = r >0
and) | 21 and  reos

”f(x ) dx dﬂ Hj(uose tsin®) | 2x4) | dr 4O

S b a(r)e)
- J I f(reos® ,rsn® ) rdrdo .

d a
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Tnple Integrals
- J

« Sirnilar chanje of vanables formu\a for lrrl"P\e m*eara\s.

Spee T 15 a hnear Jrrcmsformo‘rion that maps 0 neﬂion Sin uvw-space onto o region R in the
a2 -space bj means of the equation

X —-ﬂ(U,V,U)) , H = h(u,V,u)) ond 7= K(U)V)w>-

Then the Jacobian of T s a 3x3 determinant :

ox ox ox
alx.g.z) - | ou ov %w
o u,v,w) %& % 5%
% 2 2%
U ov ow

Then under similar conditions (as the double m’fegra| wse )

Hj flx,g,Z)dV - J” j(x(u,v.w),jlu,v,w),z(u,v,uu)) (xy:2) | dudvdw
| ; dlu,vyw)
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